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Abstract—An entrance region of a rectangular duct is examined numerically for a thermally-developing

flow between a cooled top and a heated bottom boundary. Based on the results, which agree well with

previous experimental results, equations for the entrance lengths, L, for the onset and L, for the full

development of mixed convection are proposed. L, approximately corresponds to the location where the

Nusselt number takes a minimum before is increases as the buoyancy-induced flow becomes dominant,

Results on the effects of the sidewall thermal condition as well as the inlet gas temperature are also discussed
in relation to thermal transport.

INTRODUCTION

LamINAR flow and heat transport in the entrance
region of a duct has been investigated extensively in
the past in relation to various practical applications,
particularly for the design of heat exchangers. More
recently, chemical vapor deposition of a thin film has
been the subject of importance in semiconductor
manufacturing processes. In some of these processes,
chemical reactions occurring in a reactor chamber
consisting of a rectangular duct are strongly dictated
by thermofluid conditions, which affect uniformity
and the growth rate of the deposited film, thereby
making the understanding of the entrance region of a
duct all the more important.

Beavers et al. [1] reported carefully-obtained exper-
imental results of pressure drop for hydrodynamically
developing (cold) flow in rectangular ducts for various
values of the aspect ratio. For laminar forced con-
vection in channels, Shah and London [2] provide
an extensive compilation of various works, including
experimental and numerical results as well as available
exact solutions. Buoyancy effects in laminar flow in
a horizontal channel are important because of the
possible substantial enhancement in heat transfer due
to a buoyancy-driven secondary flow. On the other
hand, in CVD reactors the presence of a secondary
flow may have adverse effects on the uniform depo-
sition of a film. Experimental studies are reported on
the onset of mixed convection in horizontal ducts
by many investigators, including Akiyama et al. {3],
Hwang and Cheng [4], Kamotani and Ostrach [5] and
Kamotani et al. [6]. (See Incropera and Schutt [7]
and Chiu and Rosenberger (8] for additional papers,
relevant to this subject.) These studies confirm the
existence of a regular, time-dependent, buoyancy-
driven cross flow in low Rayleigh number flows. Theor-

etical (numerical) results of the thermal entrance
region of a channel are also available. Ou e al. [9]
analyzed the problem for a large Prandtl number fluid,
which allows one to neglect convective terms in
governing equations. With the convective terms
retained, mixed convection in the entrance region of
a horizontal channel was analyzed by Abou-Ellail and
Morcos [10} for a uniform surface heat flux. More
recently, Incropera and Schutt [7] studied the entrance
region, examining the effects of various factors (such
as the magnitudes of the Prandtl number and the
Rayleigh number, thermal or combined (simul-
taneous) entrance, and the surface thermal con-
dition) on heat transfer. Experimental studies by laser
Doppler anemometry using nitrogen gas are reported
in two successive papers (Chiu and Rosenberger [8]
and Chiu er al. [11]), in which both thermally-
developing and fully-developed flows are investigated
for mixed convection between horizontal plates heated
from below. Based on their experiments they pro-
posed explicit expressions for the entrance length for
the onset of buoyancy-driven convective instability as
well as for the full development of the mixed flow.
Furthermore, time-dependent convection rolls in the
main flow direction are observed for a flow with a
high-Rayleigh number and a low-Reynolds number.
In relation to silicon CVD in horizontal reactors,
Moffat and Jensen [12, 13] performed numerical
analyses for a thermally-developing entrance flow in
a rectangular duct. (See also Jensen et al. [14, 15].)
Their study takes into account buoyancy effects with-
out the Boussinesq approximation, and density vari-
ations as well as property changes with temperature.
Their numerical results for nitrogen gas predict the
entrance length for the full-development of the mixed
flow that agrees well with the corresponding exper-
imental results of Chiu and Rosenberger [8].
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NOMENCLATURE

AR  aspect ratio, 2 Wd/H Too temperature of the bottom boundary

C, specific heat at constant pressure T, temperatures of the top boundary

D, hydraulic diameter AT (Ti—=Top)(Too— Tiop)

D¢ thermal diffusivity u velocity in x (lateral)- direction

g gravitational acceleration v velocity in y (vertical)- direction

H height of a duct w velocity in z (main flow)- direction

k thermal conductivity Wy maximum velocity at the inlet, divided

L, entrance length for the onset of mixed by 1.5
convection W average velocity at the inlet

L, entrance length for the full development Wd  half-width of a duct
of mixed convection AW  fraction of the deviation of

Nu  average Nusselt number at the bottom, w(x/Wd = ~0.5, y/H = 0.2, =) from
Dy, (8T8 vor/ (Too — Tr) With w(x/Wd=0.5,y/H=02:=0)
(8T/2y)po being the temperature gradient AWMOD fraction of the deviation of the
at the bottom averaged over the modulation amplitude of x at
half-width (x/Wd = ~0.5, y/H = 0.5, z) from the

Nu,,, minimum Nusselt number corresponding value of the

Nu,,  Nu of fully-developed mixed convection fully-developed flow

p pressure X transverse coordinate

P, absolute pressure of gas at the inlet ¥ vertical coordinate

Pr Prandtl number, based on T =T, ot longitudinal coordinate

R gas constant z* inverse Graetz number, z/(Dy,* Rep * Pr).

Ra  Rayleigh number, g(Ap/p)H */va,, with v

and « evaluated at (T, + 7;)/2

critical Rayleigh number for the

Rayleigh—Bénard convection (= 1708)

Re Reynolds number, wy* H/v with v
evaluated at T = (T, + T;)/2

Re,  Reynolds number, w+ Dy /v with v
evaluated at T =T,

T temperature

T, gas temperature at the inlet, z =0

Tn mixing-cup temperature
temperature of the sidewall

o3

Greek symbols

0 non-dimensional temperature,
(T_' Tlop)/( Too— Tlop)

0o non-dimensional mixing-cup
temperature

i absolute viscosity

v kinematic viscosity

p density

Ap  density difference corresponding to the
temperature difference between the top
and the bottom boundaries.

These studies indicate that a numerical approach
could provide significant insight into the hydro-
dynamic and thermal structure at the entrance region
of rectangular ducts. The present study attempts to
extend numerical analyses further for a more detailed
understanding of flow behavior particularly in
relation to thermal transport, with the previously-
reported experimental results utilized to determine the
accuracy and limitations of our study.

FORMULATION AND METHOD OF SOLUTION

We consider a horizontal rectangular duct of a
cross-sectional area, 2+ Wdx H (the aspect ratio
AR =2+ Wd|H), with the coordinate system (x, y, z)
set up in the directions of the width, the height and
the main flow respectively with its origin at the bottom
corner of the inlet section. At z=0 a hydro-
dynamically-developed, isothermal gas flow enters the
duct in which the top and the bottom boundaries are

respectively cooled and heated isothermally, while the
sidewalls are either insulated or maintained at a speci-
fied temperature. (Some of the thermal boundary con-
ditions are altered during our study to examine effects
of these conditions on entrance lengths.) The for-
mulation presented below is written under the fol-
lowing assumptions :

(1) The flow is steady.

(2) The ideal gas equation of state with constant
pressure is valid to evaluate density variations
in the flow.

(3) The viscous dissipation and the compressibility
effect (i.e. the term oc (Dp/Dt) for flow energy)
are negligible in the energy equation.

(4) The diffusion in the z (main flow) direction is
neglected in momentum and energy con-
servation equations [16]. For the present flow
in an inlet section of a duct, cross-stream (xy-
plane) flow is generated by buoyancy. When
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the velocity components in the cross-stream
direction are small compared to the main flow
velocity, it may be shown from a dimensional
argument that convection dominated over
diffusion in the = direction.

Assumption (2) is valid in relation to the pressure
change with flow in the duct since the pressure drop
near the entrance of a duct may be much smaller
than the magnitude of pressure at the inlet. This also
implies that density changes due solely to a change in
temperature. Then the governing equations are,

Continuity :

d(pu) | d(pr)  O(pw)
ox ay oz

0. (1)

Conservation of momentum :

6u+ ou AN
P U e~ Tax

+ 0 ou + 0 ou

il e 2=

ax\"ax) Ty \May

+ I5} cu 2 [ou + dv  Ow
ax \Max ~3M\ax Oy + oz
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+ I3} v 2 [ou + v ow
dy “8)!_3# ox 6y+ 0z

a (o 3

Conservation of energy:

c ar  oT a_r_ikar d kaT
Pl T T ) T ax\"ax) T\ 5, )
(%)
Equation of state:
p = Po/RT. (6)

In the set of momentum equations above, the down-
stream effects are transmitted upstream through the
pressure variation, Vp. The final, fully-parabolized,
governing equations may be obtained by setting
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p=p()+p'(x. vy, z) under the assumption of
dp/dz » ép’/dx, 0p’/ey, Op’[0=. The resulting changes
in conservation of momentum are,

Oplox - ép'jix, épléz — dp/d-.

)]

It should also be mentioned here that in evaluating
the buoyancy term, the Boussinesq approximation is
not applied because of possible large density changes
present in the duct. Both viscosity and thermal con-
ductivity are given as functions of temperature, while
specific heat at constant pressure is assumed constant.

Because of symmetry with respect to x = Wd, com-
putation is performed over half the cross-section of a
duct between x = 0 and Wd. Hence the hydrodynamic
and thermal boundary conditions become,

epldy — ép’[iy,

u=v=w=>0
at the top, bottom and side bounding walls
(8)

v Ow
u=r=--:;=0 at
ox (A

x= Wd 9

-

ar
a(-\ =0,p,2) =0,

or

T(x =0,y,2) = T,(specified) (10)

oT
—(x=Wd,y,2) =0 (1)
Ox

T(x,y = 0(H),2) = Tooop (specified).  (12)

Since the pressure gradient in the - direction is
decoupled from that in the x-, y-directions, com-
putation for a given set of entrance conditions for V-,
and T-fields, marches downstream at an interval of
Az, and at each z location, T and w, and u and v are
evaluated one by one before proceeding to the next =
location. The calculation domain is divided into a
number of finite control volumes, each surrounding a
grid point. The conservation equations are integrated
over the control volume. The set of discretized equa-
tions, thus generated, is based on a staggered grid
system, in which pressure, temperature and w (stream-
wise velocity) are calculated at main grid points, while
u and v cross-stream velocities in the x and y direc-
tions, respectively) are evaluated at secondary grid
points. The momentum and energy equations are line-
arized by using upstream values to calculate
coefficients of the discretized equations. The con-
vection-diffusion fluxes that appear in the discretized
equations are evaluated by employing the ‘hybrid’
scheme. (See Patankar [17].) The grid system is based
on variable spacings with finer meshes near the boun-
daries. A solution to a set of linear discretized equations
is obtained by using the line-by-line TDMA(Tri-
Diagonal Matrix Algorithm).

For the solution to momentum and energy equa-
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tions at a given z location, the energy equation is
solved first to find the temperature (and density) field.
A value of dp/dc is assumed to obtain the cor-
responding w field from the momentum equation in
the - direction. Based on this w field, the overall
continuity requirement of specified mass flow rate is
checked. Then, the pressure gradient is corrected from
the computed excess mass to iterate the procedure
until the overall continuity is satisfied. In order to
obtain the cross-stream velocity field from momentum
equations in the x and y directions, we used an algo-
rithm, called SIMPLER [17]. In this algorithm a pres-
sure field is obtained first as a solution to the pressure
equation constructed from a guessed cross-stream vel-
ocity field. Based on this pressure field, the momentum
equations are solved for the » and v fields. The results
are then used to check the local continuity require-
ments. The cross-stream velocity field is then corrected
from a solution to the *pressure-correction’ equation,
which is derived from the local excess mass, and the
procedure is repeated until local continuity is satisfied
at all grid points.

RESULTS AND DISCUSSION

Following the dimensions used by Chiu and Rosen-
berger [8] for their experimental studies, the duct of
our analyses has physical dimensions of H (height) x
Wd (half-width) = 15.8 x79 mm with the aspect
ratio, AR (=2Wd/H), of 10. Nitrogen gas (with the
Prandtl number, Pr = ~0.71) is used for the present
analyses. Density, viscosity and thermal conductivity
of nitrogen gas vary a maximum of ~ 15% over the
temperature range of 300-350 K, corresponding to
the Rayleigh number covered in the analyses. Based
on the accuracy test as well as comparisons with exper-
imental results discussed below, a mesh of 27 (in the x
direction) x 10 (in the y direction) and the z-direction
increment, Az, of 0.5 mm are employed with the spac-
ing between grid points varying smoothly within the
range of 1.0-3.0 mm. A finer mesh did not alter our
results in terms of the entrance lengths to be discussed
below. Although the computer time requirements
depend on how far downstream the computation is
performed, a typical run required 30004000 CPU
seconds using a SUN SPARC workstation. A dis-
cussion of results, which follows the accuracy tests of
our program, consists of comparisons between the
present results with experimental data, and examina-
tions of various factors affecting flow near the entrance
region as well as of the flow structure in relation
to thermal transport.

To test the validity of our program, pressure vari-
ations along a rectangular duct are computed first for
a hydrodynamically developing isothermal flow. Qur
results, obtained for ducts of AR=1, 2, 5 and 10,
showed very good agreement with the experimental
results of ref. [1]. Then fully-developed velocity pro-
files for an isothermal flow in rectangular ducts are
compared with the exact solution [2], followed by a
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comparison of variations of the local Nusselt number
(averaged over the cross-section) with previous
numerical results of ducts with 4AR=1, 2 and 4
for thermally developing, and hydrodynamically
developed forced convection flow with all four walls
kept at a constant temperature [2]. Excellent agree-
ments are confirmed for both the velocity profiles of
the cold flow and the variations of the Nusselt
number. For a flow between parallel plates heated at
the bottom and cooled at the top, forced convection
prevails for Ra < Ra, (=1708, the critical Rayleigh
number for the onset of steady convection in the
Rayleigh—-Bénard geometry). When instability sets in,
longitudinal convective rolls appear with their w vel-
ocity profile having a wavelength of 2H. These rolls
are steady for Ra, < Ra < Ra,., where Ra, is the
second critical Rayleigh number above which the flow
becomes time-dependent. Chiu and Rosenberger [8]
found in their experimental investigation that the
magnitude of Ra.., which is a function of the Reynolds
number, is much higher than the corresponding criti-
cal Rayleigh number for the Rayleigh-Bénard con-
vection [18], indicating that the presence of forced
convection suppresses the onset of instability. The
reference conditions are:

a thermally developing flow of nitrogen gas,

Wd (duct half-width) =79 mm, H
height) = 15.8 mm,

AR (aspect ratio) = 10,

adiabatic sidewalls,

T; (inlet gas) = T,,, (the top boundary) = 300K,

T, (the bottom boundary) > T,.

(duct

Unless stated otherwise, the results presented below
are obtained under the reference conditions. The Ray-
leigh number and the Reynolds number are defined
as,

_9H’Ap/pi, Re < o

R ,
“ vD; v

where wy = w,,,,/1.5 with v and D being evaluated at
T=(Ti+ T2

Ranges of Ra and Re in the present study are,
~2400 < Ra < ~8500 (with the corresponding tem-
perature difference, Ty —T,p, of 1040 K) and
~20 < Re < ~200. The lower limit for Re arises
from the consideration that for Re ~ 10 both longi-
tudinal diffusion and a local backflow due to gas
expansion may be important [16], the effects of which
are not accounted for in the present fully-parabolized
formulation. It should also be mentioned here that a
second Reynolds number, Rep, is introduced later
when an inverse Graetz number is defined.

Chiu and Rosenberger [8] measured two kinds of
entrance lengths, L, and L, for a thermally developing
nitrogen gas flow in a rectangular duct of the same
dimensions as the present analyses with adiabatic side-
walls. L, (the entrance length for the onset of buoy-
ancy-driven convection) is defined as the distance
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(a)

Ra=2472

120

N—

3
Ra x 103

FiG. 1. Comparison between the computed entrance length,
L,, and experimental results [8]. (a) L, vs Re for specified
valuesof Ra. O : Ra=2472,0: Ra=3789.(J: Ra = 3789,
@ : Ru=4878, A: Ra=18300. (b) L, vs Ra for specified
values of Re. [J: Re = 127.3 -129.49. (The data point given
as a dotted square is interpolated from the experimental data
for Ra=8300.) Q: Re=0683-74.5. A: Re =31.6-32.5.
The vertical broken line at Rz = 1708 indicates the critical
Rayleigh number for the onset of convection for Rayleigh—
Bénard convection.

from the entrance to a point where the change of the
w-velocity profile in the central region at y/H =0.2
exceeds 3% of w(x/Wd=0.5, yyH=0.2, z=0);
while L, (the entrance length for full development of
the mixed flow) is defined as the distance from the
entrance to a point where the modulation amplitude
of the w-velocity profile at y/H = 0.5 in the central
region of the channel, reaches 95% of the modulation
amplitude of the w-velocity profile in the fully-
developed region. Numerical results of L, and L, are
shown in Figs. 1 and 2 along with the corresponding
experimental results in ref. [8], with the solid lines
indicating ranges of the numerical analyses. Both L,
and L, may be linearly dependent on the Reynolds
number for a given value of the Rayleigh number,
with the differences between computed values of L,
and L, and the lines shown in Figs. 1(a) and 2 being
less than +1 cm. In Fig. 1 it may be seen that the
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80 120

F1G. 2. Comparison between the computed entrance length,

L,. and experimental results as L, vs Re for specified values

of Ra. (See Fig. 1(a) for the symbols used for experimental
data points [8].)

numerical prediction for L, shows good agreement
with the experimental results except for the case of
Ra = 2472. 1t should also be mentioned here that our
results for L, are well within the maximum/minimum
ranges of the empirical relation of L/H as a function
of Re, Ra and Ra., obtained through a least square
fit to the data points in ref. [8]. Furthermore, the
results for L, depicted in Fig. 2 show very good agree-
ment with experiments. The computed values of L,
for Ra = 8300 lie slightly above the corresponding
experimental data points, which could be attributed
to our fully-parabolized governing equations since
cross-sectional pressure variations increase with the
Rayleigh number. Figure 3(a) is a sketch of a typi-
cal variation of the midplane longitudinal velocity,
w(0 < x < Wd, y = HJ2, z)} over a half-width (with
an adiabatic wall located at x/H = 0) at selected
locations in the mainflow (z) direction. The instability
initially occurs near the adiabatic sidewall due to
horizontal temperature gradients as shown exper-
imentally. Velocity and temperature profiles are
modulated in the presence of buoyancy-induced
crossflow. When a fully-developed state is reached,
there are five roll cells over the half-width with wave-
lengths of H (=duct height) for modulated w profiles
and 2H for modulated temperature profiles. Table 1
lists some typical values of the modulation amplitude
of w at the midplane of y = H/2, AWMOD, along
with the corresponding experimental results by Chiu
et al. {11]. Our numerical values of AWMOD are
obtained from interpolation of the w-velocities at grid
points near the center of the duct. Although the modu-
lation amplitude increases sharply with an increase in
the Rayleigh number, making the interpolation (from
our coarse grid spacing relative to the wavelength)
less accurate, our numerical results are generally in
good agreement with the experiments. Based on these
results, it is concluded that our numerical approach
provides a good picture of thermofluid behavior in
the region where steady convective rolls are generated
by buoyancy.
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F1G. 3. Propagation of disturbance for Ra = 6446, Re = 80, (a) adiabatic sidewalls, (b) isothermal sidewalls
(T.=T = Ty

In order to examine effects of thermal conditions at
the sidewalls where buoyancy-induced motion ori-
ginates, several computational results are obtained, in
which a condition of constant sidewall temperature
is imposed instead of the adiabatic condition. The
entrance lengths for the cases of T, = T, > T, are
found to be slightly shorter with the maximum devi-
ation from the cases of the adiabatic sidewalls
of ~10% under the conditions of a low Rayleigh
number (<£4000) and a high Reynolds number
(<100). Figure 3(b) shows typical variations of the
midplane longitudinal velocity over a half-width for
the case of isothermal sidewalls. It should be noted

Table 1. Comparison of modulation amplitude of w,
AWMOD, in [cms™'] for fully-developed flow at the mid-

plane, y = H/2
Ra Re This work Experiment}
2472 18.1 0.24 0.24% 0.29§
325 0.42 0.41 0.45
3789 318 0.65 0.71
53.8 1.04 1.06
4878 52.8 1.64 1.60
71.7 2.15 1.88
6446 53.4 1.92 1.88
71.3 2.44 2.56
8300 53.4 2.24 2.54 237
71.7 3.02 3.20 2.96

t from Chiu et al. [11].
1 LDV beam spacing of 50 mm.
§ LDV beam spacing of 22 mm.

that there are six roll cells over the half-width, com-
pared to five cells for the case of the adiabatic sidewalls
shown in Fig. 3(a). Unlike the Rayleigh—-Bénard
geometry, a cold vertical sidewall bounded by a cold
top and a hot bottom plate is expected to readily
induce buoyancy-driven flow. This may be a cause of
some adjustment in the cell arrangement different
from the prediction made for the Rayleigh-Bénard
convection. When the temperature of the entering
flow 1s different from the temperature of the top
bounding plate, one may expect changes in the mag-
nitudes of L, and L,. Defining AT = (T;—T,,)/
(Tyor— Top)> computations are performed for AT =
+1/2. When AT =1/2 (i.e. the entering flow has
a higher temperature than the temperature of the
top boundary), the ‘effective’ Rayleigh number is
reduced near the entrance due to a smaller tem-
perature difference between the entering flow and the
bottom plate ; hence we may expect a greater entrance
length, L. On the other hand, when AT = —1/2 a
buoyancy-induced secondary flow should be gen-
erated more readily due to a greater temperature
difference between the inlet flow and the bottom
boundary. The effects of the entering flow temperature
on L, and L, are shown in Fig. 4, in which conditions,
other than the value of AT, are the same as the ref-
erence conditions. Again the Reynolds number depen-
dencies of L, and L, are well represented by linear
relations for a fixed value of the Rayleigh number over
the range of our investigation. Significant changes are
observed for L, for both Ra = 3789 and 4878, with
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FiG. 4. Effects of inlet gas temperature on L, and L, for
Ra = 3789 and Ra = 4878 with solid- and broken-lines
representing L, and L, respectively.

the magnitude of L, when AT = —1/2, decreasing to
50-60% of the corresponding values of L, under the
reference conditions (i.e. AT = 0), and increasing to
150-180% of L,(AT = 0) when AT = 1/2, over the
range of the Reynolds number shown in the figure.
The effect of AT values on L, is not as significant as
that on L,, particularly for the case of AT = —1/2,in
which the reduction in L, is less than ~10%. In Fig.
5 are sketched typical variations of AWand AWMOD
when AT takes three different values of —1/2, 0,
1/2 for the case of Ra = 3789 and Re = 51. AW
is a fraction of the deviation of w(x/Wd = ~0.5,
yH=0.2, z=12) from w(x/Wd=0.5, y/H=02,
z = 0) at the inlet. (The z location in which AW is 3%

3 3

AWMOD (%]
»
°

20
03

.. 2

®

*:

< rd

| = ] 1
[ 10 20 30 40 50
z[cm]
Fi1G. 5. Developments of AWMOD and AW for Ra = 3789,
Re = 51.
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is defined as L,.) On the other hand, AWMOD is a
fraction of the deviation of the modulation amplitude
of w velocity profile at x/Wd= ~0.5, y/H =0.5,
z = z, from the corresponding modulation amplitude
of the fully-developed region downstream. (The =
location where AWMOD is 95% is defined as L,.)
When the inlet gas temperature is lower than that of
the top bounding wall (i.e. AT = —1/2), the slope of
the rise in AW becomes greater, compared to the
reference case of AT = 0. On the other hand, when
the inlet gas has a higher temperature than the top
bounding wall (i.e. AT = 1/2), an evolution of AW is
delayed considerably due to suppression of the onset
of convective instability with a low “effective’ Rayleigh
number. A sharp increase in buoyancy-induced
motion in terms of the magnitude of AWMOD is
similar in their rising profiles once the values of
AWMOD reaches ~5%. It should also be mentioned
here that an increase in L, when AT = 1/2 is strongly
related to a delay in the development of L.

The onset of buoyancy-induced secondary flow will
now be examined in relation to thermal transport. It
has been shown that our results for L, and L, are
linearly dependent on the Reynolds number for a fixed
value of the Rayleigh number. Incropera and Schutt
[7] showed through their numerical analyses that the
inverse Graetz number, =%, is an appropriate length
scale for the study of mixed convection at the entrance
of a duct. The inverse Graetz number is defined as the
= direction coordinate divided by the product of the
hydraulic diameter, Dy, the Prandtl number, Pr, and
a Reynolds number based on D, and the average flow
velocity at the inlet, Rep (1.e. z* = z/D,* Pr- Rep).
Although our analysis entails variable properties, it is
confirmed that values of z/ and z{ (the cor-
responding inverse Graetz numbers for L, and L,
respectively with property values evaluated at the inlet
gas temperature) are indistinguishable from each
other when the Reynolds number is varied for given
value of the Rayleigh number with the differences
among them being less than 3%. Computed values of
zf, and z}, are shown as two broken lines in Fig. 7(b)
as functions of Ra. These two curves may be rep-
resented by the following two equations with the devi-
ations from the curves of less than 4% ;

2l = 0.114((Ra— Ra.)/Ra.)~ 7%, (13)

o, = 0.245((Ra— Ra.)/Ra.)~*¢7°. (14)

To examine thermal transport, the Nusselt number,
Nu, at the bottom, averaged over the cross-sectional
length may be defined as

u = Dh ) (aT/ay)ho(
(Tbo(_ Tm)

where (3T/0y)po: is the temperature gradient at the
bottom, averaged over the half-width, Wd, at a fixed z
location, and T, is the mixed mean fluid temperature.



2382

2 i
[ele] o1}

FIG. 6. Nu vs z* (inverse Graetz number). Solid line : forced
convection, Broken lines A, B, C, D for Ra = 8144, 4926,
37717, 2461 respectively.

Figure 6 shows some typical variations of Nu with
the inverse Graetz number. Again the effects of tem-
perature-dependent properties cause deviations in Nu
of less than 5% about the curves shown in Fig. 6,
indicating that Nu is essentially independent of the

o(a)

95% Nugs

2 4 6 8
Ra x 103

FiG. 7. (a) Nug (solid line) and Nu,,, (broken line) vs Ra.

The dotted line corresponds to Nu, of mixed convection

between two flat plates [19], (b) Variations of z* (95%Nu,,),
z*¥ (Nutnin), 27, and z#, with Ra.

U. NARUSAWA

Reynolds number. The bottom Nusselt number starts
to deviate from the corresponding forced convection
value (solid line), attaining a minimum, then increases
downstream, eventually reaching a fully-developed
value. Figure 7(2) depicts the bottom Nusselt number
at the minimum point (Nu,,,, the broken line) and
the Nusselt number for a fully-developed flow (Nu,
the solid line) over our range of analyses of
Ra = 2400-8500. The buoyancy-induced secondary
flow enhances heat transfer substantially as we com-
pare Nug with the Nusselt number for (subcritical)
forced convection (~3.57). It should also be noted
that as Ra increases, the curves of both Nu,, and Nu;,
become more flattened. Figure 7(a) also shows Nu
(dotted line) for fully-developed mixed convection
between the heated bottom and the cooled top (i.e.
the case of AR — oo) [19]. The Nusselt number of
the duct with AR = 10 is seen to be lower than the
corresponding value of mixed convection between two
flat plates by 8-10% due to the effect of sidewalls on
thermofluid structure.

To understand the locations of L, and L, in relation
to heat transport, the inverse Graetz numbers are
obtained for the location of Nu., as well as the
location where 95% of the Nusselt number of a fully-
developed flow is reached—each defined as z* (Nu,;,,)
and z*(95% Nu,). They are plotted in Fig. 7(b) along
with z; and z;,. While the difference between z/, and
z* (Nuni,) becomes smaller as the Rayleigh number
increases, z/, is roughly the same in magnitude as
z*(95% Nu,,) over the range of the Rayleigh number
in our study. Figure 8 presents developments of
both the Nusselt number and the non-dimensional
mixed mean fluid temperature, 0, (=(T,—T,,)/
(Too— Tiop)) along with the locations of zf, z7,,
2+ (Nt and z+(95% Nu,,) for the case of Ra = 6450
and 3780. It is found that 68, when plotted against
z* is independent of both Ra and Re over the
range of our investigation with the greatest difference
between 8, for forced convection and 8, for mixed
convection being less than 1.5%. The minimum

I | 1 L
6 8 107 2 4
z+

1

ol 2 4

FiG. 8. Developments of Nu (solid line for Ra = 6446;

broken line for Ra =3789) and non-dimensional mixed

mean fluid temperature, 8, with z*. 4 = 2t (Nu,,), B =
zf, C=2z"(95%Nu), D = zf,.
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Nusselt number occurs in the region where T,
is developing. When Ra is low, the entrance length L,
is in the region in which 8, is close to its final value
of 0.5 (i.e. the average temperature of the top and
the bottom plates). As the Rayleigh number is in-
creased, L, shifts upstream to the region in which T,
is rising sharply. On the other hand, L, is always
located in the region where 8, is very close to its final
value of 0.5. '

SUMMARY AND CONCLUSIONS

"A thermally-developing nitrogen gas flow in a rec-
tangular duct with AR = 10 is studied numerically for
the case in which the top and the bottom boundaries
are respectively cooled and heated isothermally with
adiabatic (or cooled) sidewalls. The present analysis,
which shows good agreement with the experimental
results of Chiu and Rosenburger, and Chiu et al,,
focuses on the following two objectives; (1) examin-
ation of flow structure, such as the onset and the
full development of mixed convection, in relation to
thermal transport, and (2) investigation of the effects
of various parameters, such as the Rayleigh number,
and the relative magnitudes of boundary- as well as
inlet-gas temperatures on flow and heat transfer at
the entrance region of a rectangular duct. Specific
conclusions are:

(1) Over the range of ~2500 < Ra < ~8500, in
which steady mixed convection prevails, the inverse
Graetz number, z/ (for the onset of mixed con-
vection) as well as z7, {for the full development of
mixed convection) may be used to present the entrance
lengths as functions of Ra only, indicating that the
physical dimensions and the flow velocity merely
stretch or contract the flow and thermal variations in
the streamwise direction. Equations for L, and L,,
developed from the present analyses, are given as
equations (13) and (14) respectively.

(2) z*(Nu,;) (=the location where Nu takes a
minimum) and z*(95%Nu,,) (=the location where
Nu reaches 95% of its fully-developed value) are also
functions of Ra alone; while, the non-dimensional
mixed mean fluid temperature, 6,, = 8,,(z*), is found
to be independent of Ra for a duct with AR = 10. In
terms of thermal transport, z/, and z/, are located
near z* (Nu,,,) and z*(95% Nu,), respectively. Since
Nu,,, occurs far downstream from the location where
the Nusselt number starts to deviate from the cor-
responding Nusselt number for forced convection,
this provides an explanation for the discrepancy
between the experimental results and the theoretical
prediction on the onset of mixed convection.

(3) Nu, for our case of AR = 10 is lower than the
corresponding value for mixed convection between
two horizontal plates by 8-10%, indicating that the
sidewall effects are still important in examining
thermofluid structure of high aspect ratio ducts.

(4) When the inlet gas temperature is lower or
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higher than the temperature of the top boundary, both
L, and L, change accordingly. Examination of the
development of velocity profiles reveals that the
location of z, is affected by the magnitude of the inlet
gas temperature relative to the top wall, whereas, the
development of mixed convection from z/, to z}, is
not affected to a significant degree, indicating that
the changes in L, and L, are mostly due to initial
enhancement or suppression of the buoyancy-induced
flow.

(5) When the sidewall is kept at a specified tem-
perature (7, = T,,,), fully-developed mixed con-
vection consists of six roll cells over the half-width,
instead of five for the case of the adiabatic sidewalls
although the entrance lengths, L, and L,, are only
slightly shorter than the corresponding values for the
case of the adiabatic sidwalls.
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